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1. INTRODUCTION
Given a p-group P , we write  P to denote the collection of normal
subgroups N of P such that P/N is nonabelian. In their recent paper [1],
Ferna´ndez-Alcober and Moreto´ studied p-groups satisfying what they called
the “strong condition” and the “weak condition” on normal subgroups.
These conditions on a p-group P assert that every member of  P either
is central or is very nearly central in P . More precisely, P is said to satisfy
the strong condition if every member of  P is contained in ZP and we
say that P satisﬁes the weak condition if every member N ∈  P satisﬁes
N  N ∩ ZP ≤ p. (Ferna´ndez-Alcober and Moreto´ were led to these
conditions by considering certain character-theoretic properties of P , but
we are not concerned with these here.) Among the consequences of the
strong and weak conditions that were established in [1] are the following.
Theorem S. Assume that P satisﬁes the strong condition.
(a) If P has nilpotence class 2, then P ′ has exponent p.
(b) If the nilpotence class of P exceeds 2, then P  ZP ≤ p3.
Theorem W. Assume that P satisﬁes the weak condition.
(a) If P has nilpotence class 2, then P ′ has exponent dividing p2.
(b) If the nilpotence class of P exceeds 2, then P  ZP ≤ p6.
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Actually, Ferna´ndez-Alcober and Moreto´ obtained more precise infor-
mation than we have stated here, and they also obtained stronger results.
They showed, for example, that it is not possible to have P  ZP = p5 in
Theorem W(b) and they established upper bounds on the orders of groups
of class exceeding 2 that satisfy the strong condition and on the orders of
groups of class exceeding 3 that satisfy the weak condition.
The purpose of this paper is to obtain results analogous to Theorems S
and W under conditions that are more general than the strong and weak
conditions of Ferna´ndez-Alcober and Moreto´. To state our main result, we
deﬁne a certain nonnegative integer invariant aP for an arbitrary ﬁnite
p-group P . If P is abelian, we set aP = 0 and otherwise, we observe that
 P is nonempty and we consider how “close” the members of  P are
to being central in P . We write
pe = max{N  N ∩ ZP ∣∣N ∈  P}
and we set aP = e+ 1.
Observe that if P is nonabelian, then it satisﬁes the strong condition if
and only if aP = 1. Similarly, if P does not satisfy the strong condition,
then it satisﬁes the weak condition if and only if aP = 2.
Our main result is the following, which fully includes both Theorem S
and Theorem W. We use the notation expX to denote the exponent of a
group X.
Theorem A. Let P be a p-group and write aP = a. Then
(a) expP ′ ≤ pa except possibly when p = 2 and the nilpotence class
of P exceeds 2. In that case, expP ′ ≤ 2a+1.
(b) If P has nilpotence class exceeding 2, then P  ZP ≤ p3a.
Note that if P is dihedral, semidihedral, or generalized quaternion of
order 2n, where n > 3, then P ′ = 2n−2 and ZP = 2 and every member
of  P is properly contained in P ′. In this situation, aP = n− 3 and since
expP ′ = 2n−2, we see that the exception in Theorem A(a) is genuine.
We mention that if P is any p-group of nilpotence class 2, then it is easy
to see that the exponents of P/ZP and P ′ must be equal, and thus by The-
orem A(a), the exponent of P/ZP is at most pa in this case. Unlike the
situation when the nilpotence class exceeds 2, however, there is no bound
on the order of P/ZP if P has class 2. For example, if P is extraspecial,
then its center can have arbitrarily large index, but it is easy to see that
 P consists only of the identity subgroup, and thus P satisﬁes the strong
condition and aP = 1.
If P has class exceeding 2, then not only is the exponent of P ′ bounded
in terms of aP, but also the order of P ′ is bounded. To see why this is so,
observe that by Theorem A(b), we know that P  ZP is bounded in this
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case. But it is well known (for every group P) that P ′ is bounded in terms
of P  ZP.
If P has nilpotence class 2, however, then although the exponent of P ′ is
bounded, the order of this subgroup is not. If, for example, P is the group
of 3× 3 upper triangular matrices over a ﬁnite ﬁeld F , then P ′ = ZP has
order equal to F , which can be arbitrarily large. It is not hard to check,
however, that if x ∈ P is an arbitrary noncentral element, then P x = P ′,
and it follows that every noncentral normal subgroup of P contains P ′. Thus
P satisﬁes the strong condition and aP = 1.
If p = 2, then the bound given in Theorem A(b) is best possible.
Theorem B. Let p > 2 be prime and let a be a positive integer. Then
there exists a p-group P of class exceeding 2 such that P  ZP = p3a and
aP = a. In fact, we can take P = p4a.
Among the more precise results of Ferna´ndez-Alcober and Moreto´ that
we did not include in our statement of Theorem W is the fact that if P
is a 2-group satisfying the weak condition and the class of P exceeds 2,
then P  ZP ≤ 24. We see, therefore, that Theorem B fails if p = 2 and
a = 2. For p = 2, therefore, the bound in Theorem A(b) is not always best
possible, although we will not attempt to obtain a sharper inequality in this
paper.
Although the inequality in Theorem A(b) is best possible (when p > 2),
it is nevertheless possible to improve this result. If P is a p-group with
nilpotence class exceeding 2, we deﬁne a new invariant bP, as follows.
We write  ∗P to denote the set of subgroups N ∈  P such that N ⊇
ZP, and we observe that if the nilpotence class of P exceeds 2, then
ZP ∈  ∗P, and thus  ∗P is nonempty. (Of course, if the class of P is
2 or less, then P/ZP is abelian, and thus  ∗P =  in this case.) If the
class of P exceeds 2, we write
pf = max{N  ZP ∣∣N ∈  ∗P}
and we set bP = f + 1. Since  ∗P ⊆  P, it is clear that bP ≤ aP.
The following result, therefore, implies Theorem A(b).
Theorem C. Suppose that P is a p-group with nilpotence class exceeding
2. Then P  ZP ≤ p3bP.
Assuming that P is a p-group of class exceeding 2, we know that aP ≥
bP and we ask how much bigger than bP can aP be. We will construct
examples where aP > bP, and we will deduce from Theorem C that
aP < 3bP, but we have not been able to close this gap in general. We
note, however, that if P is a group for which P  ZP = p3aP, as in
Theorem B, then it follows from Theorem C that aP = bP.
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2. EXPONENTS
In this section, we prove Theorem A(a) by controlling the exponent of P ′.
We begin with an easy and well-known lemma that we will use frequently.
(2.1) Lemma. Let G be an arbitrary group and suppose that X ⊆ G is a
subgroup and that y ∈ G.
(a) If X y ⊆ ZG, then the map x → x y is a group homomor-
phism deﬁned on X.
(b) If x ∈ G and x y ∈ ZG, then xn y = x yn = x yn.
Proof. Assertion (a) is immediate from the standard commutator iden-
tity ab y = a ybb y. The ﬁrst equality in (b) follows from (a) since
if y centralizes x modulo ZG, then y centralizes X = x modulo ZG.
The second equality in (b) follows from the ﬁrst by interchanging x and y
and taking inverses.
(2.2) Lemma. Let M  P , where P is a p-group. Then aP/M ≤ aP.
Also, if aP > 1 and M ⊇ 1ZP, then aP/M < aP.
Proof. We can assume that P/M is nonabelian since, otherwise,
aP/M = 0 and there is nothing further to prove. Let Z = ZP and
Y/M = ZP/M, so that Z ⊆ Y . Write a = aP and c = aP/M and
note that by the deﬁnition of c, we can choose N/M ∈  P/M such that
N  N ∩ Y  = pc−1. Now N ∈  P, and so we have
pa−1 ≥ N  N ∩ Z ≥ N  N ∩ Y  = pc−1
and it follows that a ≥ c, as wanted. Also, if a = c, we see from this that
N ∩ Y = N ∩ Z.
Assume now that a > 1 and that 1Z ⊆ M . We complete the proof
by assuming that a = c and deriving a contradiction. We have c > 1, and
thus N > N ∩ Y = N ∩ Z. Choose K  P such that N ∩ Z < K ⊆ N with
K  N ∩ Z = p. Since K/N ∩ Z ⊆ ZP/N ∩ Z, we see that KP ⊆
Z = ZP. If t ∈ P and x ∈ K, then xp ∈ Z, and so 1 = xp k = x kp by
Lemma 2.1. It follows that KP ⊆ 1ZP ⊆ M , and thus K is central
modulo M and K ⊆ Y . Thus N ∩Z < K ⊆ N ∩Y = N ∩Z, and this is the
desired contradiction.
Note that Theorem A(a) is trivial if aP = 0 since in that case P is
abelian and expP ′ = 1. Next, we handle the case where aP = 1.
(2.3) Theorem. Let P be a p-group with aP = 1. Then expP ′ = p
except possibly when p = 2 and P has nilpotence class exceeding 2. In that
case, expP ′ ≤ 4.
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Proof. Let W ⊆ ZP with W  = p and note that aP/W  ≤ 1 by
Lemma 2.2. (In fact, we can assume that aP/W  = 1 since otherwise P/W
is abelian and P ′ = W has exponent p, as wanted.) Working by induction
on P, therefore, and applying the inductive hypothesis to the group P/W ,
we can assume either that expP/W ′ = p or else that p = 2, the class of
P exceeds 2, and expP/W ′ = 4. Since P ′W/W = P/W ′, we conclude
either that xp ∈ W for all elements x ∈ P ′ or else that p = 2, the class of
P exceeds 2, and x4 ∈ W for all x ∈ P ′.
If P has two different central subgroups of order p, we can apply the
above reasoning to each of them. Since these two subgroups of order p
would intersect trivially, it follows that xp = 1 for all elements x ∈ P ′ except
possibly when p = 2 and P has class exceeding 2, in which case x4 = 1 for
all x ∈ P ′. In this situation, there is nothing further to prove, and so we can
assume that P has a unique central subgroup of order p.
Suppose that every abelian normal subgroup of P is cyclic. It is well
known that in this case, either P is cyclic or else p = 2 and P is dihedral,
semidihedral, or generalized quaternion. Since aP = 1, we know that P
is not abelian, and thus we can assume that p = 2 and that P is of one of
these three exceptional types. If P = 8 then P ′ = 2, and there is nothing
further to prove. If P ≥ 32, then P ′ > 4 and ZP = 2, and thus P has
a normal subgroup N such that ZP < N < P ′. Since this contradicts the
assumption that aP = 1, we see that the only remaining case is P = 16.
In this situation, P has class 3 and P ′ has exponent 4, as required.
We can now assume that P has a normal elementary abelian subgroup A
of order p2. Since P has a unique central subgroup of order p, it follows
that A ⊆ ZP. But aP = 1, and so we can conclude that A ∈  P.
Thus P ′ ⊆ A and expP ′ = p, as required.
We can now prove Theorem A(a), which we restate here.
(2.4) Theorem. Let P be a p-group and write a = aP. Then expP ′ ≤
pa except possibly when p = 2 and P has nilpotence class exceeding 2. In that
case, expP ′ ≤ 2a+1.
Proof. By Theorem 2.3, we can assume that a > 1 and we work by induc-
tion on a. Writing M = 1ZP, we see by Lemma 2.2 that aP/M < a,
and thus by the inductive hypothesis, we have expP/M′ < pa except
possibly when p = 2 and the class of P exceeds 2, and in that case,
expP/M′ ≤ 2a. But P/M′ = P ′M/M ∼= P ′/P ′ ∩M and the result
follows since expP ′ ∩M = p.
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3. THEOREM C
In this section, we work with the invariant bP to prove Theorem C,
and we recall that Theorem A(b) will then follow. The following result is
analogous to Lemma 2.2.
(3.1) Lemma. Let M  P , where P is a p-group, and assume that the
nilpotence class of P/M exceeds 2. Let Z = ZP and Y/M = ZP/M and
write Y  Z = pt . Then bP/M ≤ bP − t.
Proof. Write b = bP and c = bP/M. By the deﬁnition of bP/M,
there exists a subgroup N/M ∈  ∗P/M such that N  Y  = pc−1. Also,
Z ⊆ Y ⊆ N , and thus N ∈  ∗P, and we have pc+t−1 = N  Z ≤ pb−1.
It follows that c + t ≤ b, as wanted.
We can now prove Theorem C, which we restate here.
(3.2) Theorem. Suppose that P is a p-group with nilpotence class exceed-
ing 2. Then P  ZP ≤ p3bP.
Proof. Writing b = bP, Z = ZP, and P  Z = pz, we proceed by
induction on P to show that z ≤ 3b. Suppose ﬁrst that we can ﬁnd some
subgroup M ⊆ Z such that M = p and P P ′ ⊆ M . Then P/M has class
exceeding 2, and so bP/M is deﬁned and we write c = bP/M. Let
Y/M = ZP/M and write py = P  Y , so that by the inductive hypothesis
applied to the group P/M , we have y ≤ 3c. Writing Y  Z = pt , we have
t = z − y and also c ≤ b− t by Lemma 3.1. Thus
z = y + t ≤ 3c + t ≤ 3b− t + t = 3b− 2t ≤ 3b
as required.
Write T = P P ′ and note that T > 1 since we are assuming that the
class of P exceeds 2. By the result of the previous paragraph, we can assume
that M ⊇ T for every subgroup M ⊆ Z such that M = p. It follows that
T  = p and that T is the unique central subgroup of P having order p. In
particular, Z is cyclic.
Let A = ZP ′ and note that A > Z because P ′ ⊆ Z. Consider a chief
factor A/N of P with Z ⊆ N . Then P ′ ⊆ N , and so N ∈  ∗P and
therefore N  Z < pb. It follows that A  Z = pN  Z ≤ pb, and
so if we write A  Z = pr , we see that 0 < r ≤ b. Also, we note that
PA = PZP ′ = P P ′ = T .
Let y ∈ A be arbitrary. We have P y ⊆ PA = T ⊆ ZP, and thus
by Lemma 2.1, the map x → x y is a homomorphism from P into T . The
kernel of this homomorphism is CPy and since T  = p, it follows that
P  CPy ≤ p for every element y ∈ A. Since there exist r elements of A
that together with Z generate A, we see that the full centralizer C = CPA
normal subgroups with nonabelian quotients 237
is the intersection of at most r subgroups of index p in P , and it follows
that P/C is elementary abelian of order at most pr . Since P ′ ⊆ C, we have
A = ZP ′ ⊆ C = CPA, and hence A is abelian. In particular, P ′ is abelian.
Now let y ∈ P be arbitrary. Since A y ⊆ PA = T ⊆ ZP, the map
x → x y is a homomorphism from A into T , and thus A  CAy ≤ p.
Since Z = ZP is the intersection of the subgroups CAy as y runs over
P , we see that A/Z is elementary abelian.
Write U/Z = ZP/Z and note that A ⊆ U since AP = T ⊆ Z.
Since A/Z = P ′Z/Z = P/Z′, we see that the group P/Z has a cen-
tral elementary abelian derived subgroup. It follows from Lemma 2.1 that
!P/Z ⊆ ZP/Z = U/Z, and thus P/U is elementary abelian. Note also
that if N is any subgroup such that Z ⊆ N ⊆ U , then N P . Thus if N ⊇ A,
then N ⊇ P ′, and hence N ∈  ∗P.
We now know that Z ⊆ A ⊆ U ⊆ P and that A/Z and P/U are elemen-
tary abelian. Also, U/Z is abelian and A  Z = pr , where 0 < r ≤ b. We
work next to control the exponent of U/A by showing ﬁrst that expU/A ≤
pb−1. We know that A > Z, and so we can choose M/Z ⊆ U/Z maximal
with the property thatM ⊇ A. ThenM ∈  ∗P, and hence M  Z ≤ pb−1
since b = bP. It follows from the maximality of M that MA/M is the
unique minimal subgroup of the abelian group U/M , and thus U/M is
cyclic. We can therefore choose a cyclic subgroup X/Z ⊆ U/Z such that
XM = U .
We now consider two cases. First, if A ⊆ X, then X ∈  ∗P, and so
X  Z ≤ pb−1. In this situation, we see that the abelian group U/Z =
X/ZM/Z is a product of subgroups of orders dividing pb−1 and it fol-
lows that expU/Z ≤ pb−1. Since A ⊇ Z, we have expU/A ≤ pb−1, as
wanted.
Next, suppose that A ⊆ X and let y ∈ P and x ∈ X. We have yp ∈ U
since P/U is elementary abelian. Furthermore, U  X = XM  X =
M  X ∩M ≤ M  Z ≤ pb−1, and so we can conclude that ypb ∈ X.
Furthermore, we know that X is abelian since X/Z is cyclic and Z = ZP,
and hence x ypb = 1. But X ⊆ U , and thus x y ∈ UP ⊆ Z = ZP,
and we conclude from Lemma 2.1 that 1 = x ypb = xpb y. Since y ∈ P
was arbitrary, it follows that xp
b ∈ ZP = Z for all elements x ∈ X. But
X/Z is cyclic, and we therefore have X/Z ≤ pb. In this case, we have
Z < A ⊆ X, and thus X/A ≤ pb−1. Also, we compute that MA/A =
M  A ∩M ≤ M  Z ≤ pb−1, and thus U/A = X/AMA/A, where
each factor has order dividing pb−1. It follows in this situation too that
expU/A ≤ pb−1, as claimed.
We now reﬁne our estimate to show that, in fact, expU/A ≤ pb−r .
(Recall that the integer r was deﬁned so that A/Z = pr). We can certainly
assume that r > 1, and so the elementary abelian group A/Z is not cyclic.
Let S/A be a cyclic subgroup of U/A of maximum possible order. Since
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S/A is cyclic and S/Z is not, we see that S/Z must contain a maximal
subgroup M/Z such that M ⊇ A. Then M ∈  ∗P, and hence M  Z ≤
pb−1. Since S  M = p, we conclude that S  Z ≤ pb. But A  Z = pr ,
and thus S  A ≤ pb−r . This proves that expU/A ≤ pb−r , as desired.
Our next goals are to control the exponent and the order of P ′. If x ∈ P
is arbitrary, then xp ∈ U , and hence xpb−r+1 ∈ A. It follows that xpb−r+1 y
∈ AP = T for all elements y ∈ P . Since the group P/T has nilpotence
class 2, we can apply Lemma 2.1 to P/T to deduce that
x ypb−r+1 ≡ xpb−r+1 y ≡ 1 mod T#
But T  = p, and it follows that x ypb−r+2 = 1, and we see that each
commutator in P has order dividing pb−r+2. Since P ′ is abelian, we conclude
that expP ′ ≤ pb−r+2.
To control P ′, we observe that P ′ ∩Z is cyclic of order dividing pb−r+2.
We also know that P ′/P ′ ∩ Z ∼= A/Z, which has order pr , and it follows
that P ′ ≤ pb+2. Also, if equality holds here, we see that P ′ must contain
a (necessarily cyclic) subgroup of Z of order pb−r+2.
Now choose any element x ∈ P that is not centralized by P ′ and write
B = CPx. Recall that C = CPA = CPP ′ and write D = B ∩ C. Then
D is exactly the centralizer in P of the normal subset xP ′, and thus D  P .
We see that Z ⊆ D but P ′ ⊆ D by the choice of x, and thus D ∈  ∗P.
We conclude that D  Z ≤ pb−1.
Observe that P  D ≤ P  BP  C and that if equality occurs, then
BC = P . We know that P  C ≤ pr and that P  B is the size of the
conjugacy class of x in P . This class, however, is contained in the coset xP ′,
and hence P  B ≤ xP ′ = P ′ ≤ pb+2. We deduce that P  D ≤ pb+r+2
and since we have seen that D  Z ≤ pb−1, it follows that
z ≤ b+ r + 2 + b− 1 = 2b+ r + 1 ≤ 3b+ 1
where the last inequality follows since we know that r ≤ b.
To complete the proof, we assume that z = 3b+ 1 and derive a contradic-
tion. Since we are assuming that equality holds in our previous calculations,
we know that r = b, BC = P , and D  Z = pb−1. Also, P ′ contains an ele-
ment z ∈ Z of order pb−r+2 = p2 and the conjugacy class of x in P is the
full coset xP ′. We can thus write xz = xy for some element y ∈ P , and we
have x y = z ∈ Z. By Lemma 2.1, therefore, 1 = zp = xp y, and we
will derive our contradiction by showing that xp ∈ ZP.
Now B = CPx, and so it is certainly true that xp centralizes B. Since
P = BC and C = CPA, it sufﬁces to show that xp ∈ A. We know that
xp ∈ B and since P/C is elementary abelian, we also have xp ∈ C, and
hence xp ∈ D. It sufﬁces, therefore, to show that D ⊆ A.
We have D  Z = pb−1 and thus since b = bP, no normal subgroup of
P that properly contains D can lie in  ∗P. It follows that D has index p
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in DP ′, and thus DP ′  Z = pb. Now A = ZP ′ ⊆ DP ′ and A  Z = pr =
pb = DP ′  Z. We conclude that A = DP ′, and in particular, D ⊆ A, as
required. This completes the proof.
(3.3) Corollary. Let P be a p-group with nilpotence class exceeding 2.
Then aP < 3bP.
Proof. By Theorem 3.2, it sufﬁces to show that aP < z, where
P  ZP = pz. Let N ∈  P, so that P/N is nonabelian, and thus
P/NZP is noncyclic. It follows that P  NZP ≥ p2, and thus
N  N ∩ ZP = NZP  ZP ≤ pz−2. It follows from the deﬁni-
tion of aP that aP ≤ z − 1, as desired.
4. CHARACTER DEGREES
To prove Theorem B, which states that the bound in Theorem A(b) is
best possible when p > 2, it is convenient to have the following easy result
relating the invariant aP with the degrees of the irreducible characters
of the nonabelian p-group P . To state the result, we deﬁne the invariant
mP as follows: If P is a nonabelian p-group, then pmP is the small-
est degree of a nonlinear irreducible character of P . Of course, we have
P  ZP ≥ p2mP, but we can do a little better.
(4.1) Theorem. Let P be a nonabelian p-group. Then P  ZP ≥
p2mP+aP−1. If equality holds, then ZP ⊆ P ′ P.
Proof. Since P is nonabelian, we can ﬁnd N ∈  P such that NZ 
Z = N  N ∩ Z = pa−1, where Z = ZP and a = aP. Writing m =
mP, we see that since P/N is nonabelian, there exists χ ∈ IrrP/N with
χ1 ≥ pm. It follows that
P  Z
NZ  Z = P  NZ ≥ P/N  ZP/N ≥ χ1
2 ≥ p2m#
This yields P  Z ≥ NZ  Zp2m = p2m+a−1, as desired.
Assume now that equality holds. Then P  NZ = p2m and thus the
group P/NZ can have no nonlinear irreducible characters. This group is
abelian, therefore, and it follows that P ′ ⊆ NZ. Thus P ′ P ⊆ NP ⊆ N ,
and so if Z ⊆ P ′ P, we have Z ⊆ N . In this situation, we have P ′ ⊆
NZ = N . But this is a contradiction since N ∈  P, and we conclude that
Z ⊆ P ′ P#
An amusing consequence is the following.
(4.2) Corollary. Let P be a p-group with nilpotence class exceeding 2.
Then mP ≤ aP.
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Proof. Combining Theorem 4.1 and Theorem A(b), we have a+ 2m−
1 ≤ z ≤ 3a, where pz = P  ZP and we have written a = aP and
m = mP. Thus 2m ≤ 2a+ 1, and since a and m are integers, we deduce
that m ≤ a, as wanted.
Since extraspecial p-groups satisfy aP = 1 and yet they need not have
irreducible characters of degree p, we see that Corollary 4.2 would be false
if we allowed P to have class 2.
5. EXAMPLES
The main goal of this section is to prove Theorem B. We must show,
in other words, that if p > 2, then equality can hold in Theorem A(b)
with arbitrary values aP. We will also show that equality can hold in
Theorem 4.1.
First, we recall a known construction. Let F be an arbitrary ﬁeld, let n > 0
be an integer, and if F has prime characteristic p, assume that n ≤ p. If x is
any element of the nilpotent ring of strictly upper triangular n× n matrices
over F and α ∈ F is arbitrary, we can construct the upper triangular matrix
1+ xα using the binomial series. We write
1+ xα =
∞∑
k=0
(
α
k
)
xk
where, of course,(
α
k
)
= αα− 1α− 2 · · · α− k+ 1
k!
∈ F#
Note that the “inﬁnite” series deﬁning 1+ xα is really a well-deﬁned ﬁnite
sum since xn = 0 and p ≥ n if F has prime characteristic p. It is known (and
not hard to check) that if αβ ∈ F , then 1 + xα1 + xβ = 1 + xα+β.
It follows that 1 + xF = 1 + xα  α ∈ F is a subgroup of the group
UnF of upper triangular matrices over F with diagonal entries equal to
1. Also, if x = 0, this group is isomorphic to the additive group of F .
Now let F be a ﬁnite ﬁeld of order q = pe, where p is prime, and take
x to be the matrix with all entries equal to 0 except for the n − 1 entries
along the superdiagonal, which are set equal to 1. (If n = 3, for example,
this yields
1+ xα =

 1 α αα− 1/20 1 α
0 0 1

 
where α ∈ GFq and p = 2.)
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Deﬁne E = Enq = 1 + xF and note that this elementary abelian
group of order q has a natural action (by matrix multiplication) on the
space V = Vnq of row vectors of length n over F . Finally, we write
P = Pn q = VE, the semidirect product, and we note that P = qn+1.
If v ∈ V is a row vector having entry β in position k, where k < n, it
is easy to see that the entry in position k + 1 of the row vector v1 + xα
is exactly αβ plus the entry in position k + 1 of v. If β = 0, therefore, it
follows that v is stabilized by no nonidentity element of E. In particular, if
we write Z = ZP, we see that Z is exactly the set of those row vectors
in V for which all entries except possibly the last are 0. Thus Z = q and
P  Z = qn.
Given an integer k ≥ 0, let us write Vk to denote the F-subspace of the
row space V consisting of all rows for which the ﬁrst k entries are 0. In
this notation, therefore, we see that V0 = V and Vn−1 = Z. It is clear that
E acts trivially on the one-dimensional space Vk/Vk+1 for 0 ≤ k ≤ n − 1,
and thus VkE ⊆ Vk+1. Also, if t ∈ E is any nonidentity element, we have
seen that CV t = Z, which has order q, and it is immediate from this that
Vk t has index q in Vk for k < n. We conclude that Vk t = Vk+1 for all
such subscripts k and all nonidentity elements t ∈ E.
Now write W = V1 so that VE = W and it follows that W = P ′. Also,
assuming that n ≥ 3, we see that Z = Vn−1 ⊆ V1 E ⊆ P ′ P. Further-
more, since V t = W for all nonidentity elements t of E, it follows that
all linear characters of V for which W is not in the kernel are permuted
in regular orbits by E. In particular, we conclude that the group P has
exactly q2 linear characters and that all other irreducible characters of P
have degree q = pe. (There are qn − q/q such nonlinear characters.)
The p-group P = Pn q, therefore, has irreducible character degree set
cdP = 1 q, and we see that mP = e. (Recall that q = pe.)
Proof of Theorem B. We are assuming that p > 2, and so we can con-
sider the group P = P3 q, where q = pe and e ≥ 1 is arbitrary. Note that
P = q4 = p4e. By the preceding calculations, we have P  Z = q3 = p3e,
and so to complete the proof, it sufﬁces to show that aP ≤ e. By The-
orem 4.1, however, we know that 3e ≥ 2mP + aP − 1, and in fact,
this inequality must be strict since we have seen that Z ⊆ P ′ P. Since
mP = e, we obtain aP < e+ 1, and the proof is complete.
Next, we observe that equality can hold in Theorem 4.1. It is unclear,
however, whether or not equality can hold if both aP and mP are spec-
iﬁed in advance.
(5.1) Theorem. Given an integer a ≥ 1 and an arbitrary prime p, there
exists a p-group P with aP = a and such that P  ZP = p2mP+aP−1.
For this group, we have mP = 1.
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Proof. Let Q be a p-group of order pa+2, and choose Q such that
ZQ = p and Q  Q′ = p2. (For example, Q could be any p-group of
maximal class having the required order.) Take P = Q×C, where C = p.
Since ZQ = p, we see that ZP = p2 and P  ZP = pa+1. Now
P ′ = Q′ > 1 and we let M  P have index p in Q′. Then M = pa−1
and Q′ × C/M is an elementary abelian central factor of P having order
p2. There are p + 1 normal subgroups of P that contain M and are con-
tained in Q′ × C. One of these, of course, is Q′, and another is M × C
and we let N be any other one of these subgroups. Then N = pa and
N ⊇ P ′ and also, N ⊇ C. Thus N ∈  P and N ∩ ZP = p, so that
N  N ∩ ZP = pa−1.
We see now that aP ≥ a and because P is nonabelian, we certainly
have mP ≥ 1. Since P  ZP = pa+1, we deduce from Theorem 4.1 that
a+ 1 ≥ 2mP + aP − 1 ≥ 2 + a− 1 = a+ 1
and since equality holds, we deduce that mP = 1 and aP = a and the
proof is complete.
We can also use our groups Pn q and somewhat similar reasoning to
give another construction of examples where equality holds in Theorem 4.1.
This time, mP is arbitrary.
(5.2) Theorem. Given an integer e ≥ 1 and an arbitrary prime p, there
exists a p-group P with mP = e and such that P  ZP = p2mP+aP−1.
Proof. Let Q = Pn q, where n ≥ 2 and q = pe. Write P = Q × C,
where C = p, and note that mP = mQ = e. We know that
P  ZP = Q  ZQ = qn = pne and since mP = e, we see by
Theorem 4.1 that ne ≥ 2e + aP − 1. It therefore sufﬁces to show that
aP ≥ n− 2e+ 1, so that we will have equality. We need, therefore, to
ﬁnd a subgroup N ∈  P such that N  N ∩ ZP ≥ pen−2.
Let M = P ′ P, so that M ⊆ Q and Q  M = q3. Note that P ′ ×
C/M is a central factor of P of order pq, and hence we can ﬁnd a normal
subgroup N of P with index p in P ′ × C and such that N contains neither
P ′ nor C. Then N ∈  P and N = P ′ = qn−1. Also, N ∩ ZP = ZQ
has order q, and thus N  N ∩ ZP = qn−2 = pen−2, as wanted.
A similar construction allows us to prove the following.
(5.3) Theorem. Let b be a positive integer. Then there exists a p-group P
such that bP = b and aP > b.
Proof. Let Q be any p-group of class exceeding 2 for which bQ =
b. (For example, we could take Q to be any p-group of maximal class
having order pb+3.) Now let P = Q× C, where P = p. It is clear that the
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members of  ∗P are exactly the subgroups N × C, where N ∈  ∗Q,
and hence bP = bQ = b, as wanted.
Now let N ∈  ∗Q with N  ZQ = pb−1. Then NQ′ > N , and thus
NQ′C/N is noncyclic, and so this group has a maximal subgroup M/N that
contains neither NQ′/N nor NC/N . Then M > N and since M ⊇ Q′, we
have M ∈  P. But M ⊇ C, and thus M ∩ ZP = ZQ. Then paP−1 ≥
M M ∩ ZP > N  ZQ = pb−1 and the result follows.
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